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Abstract. We prove a version of van der Corput's Lemma for polynomials 
over the p-adic numbers. 



1. Introduction 

The following lemma goes back to J.G. van der Corput in It has many 
applications in number theory and harmonic analysis. In particular, it is key to the 
study of oscillatory integrals (see [Hj). We note that only partial van der Corput 
type lemmas are known in dimensions greater than one (see 0). As a consequence 
the theory of oscillatory integrals in higher dimensions is relatively open. 



Lemma 1. Suppose that f : (a, 6) 
|/(")(a;)| > X> on {a,b). Then 



is n times differentiable, where n > 2, and 



where C„ < 2^/'^ for all n > 2 and Cn — > 4/e as n — > oo. 

It can be shown by considering f{x) — x" that the linear growth in n is optimal, 
and this more precise formulation is due to G.I. Arhipov, A. A. Karacuba and V.N. 
Cubarikov P . Consideration of the Chebyshev polynomials shows that the constant 
becomes sharp as n tends to infinity (see The following corollary can be easily 
obtained using Stirling's formula. 



Corollary 2. Let f{x) 
Then 



for all a,b £ 



ao + aia; + - • ■ + anx" be a real polynomial of degree n> 1. 

9 



/ 



5*^(^) dx 



2^/^e 
- Ia„|i/" ^ 



ll/r, 



We will prove a p-adic version of this corollary, opening the way for the study of 
oscillatory integrals on the p-adics. This problem was first considered by J. Wright 
[HI, where lemmas for polynomials of degree two and monomials of degree three 
were proven. 
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2. Introduction to the p-Aoic Numbers 

For a more complete introduction to the p-adic numbers, see ^ or [Jj . Here we 
will outline what we will need. 

Fix a prime number p. Any non-zero rational number x can be uniquely ex- 
pressed in the form p^m/n, where m and n have no common divisors and neither is 
divisible by p. We then define the p-adic norm on the rational numbers by — p~^ 
when x ^ 0, and |0| = 0. We obtain the p-adic numbers by completing Q with 
respect to this norm. It is not difficult to show that the norm satisfies the following 
properties: 

\xy\ = \x\\y\ 
\x + y\ < max{|x|, \y\}. 

It follows from the second property that 

{y-\y- xi\ < p''} ^{y --ly- X2\ <p''} 

when \xi — X2\ < p^ , so every point within a ball can be considered to be its centre. 
A nonzero p-adic number x with = p"'^, may be written in the form 

oo 

where < Xj < p—1, and x^. ^ 0. This will be called the standard p-adic expansion 
and the arithmetic is done formally with carrying. Define x '■ Qp ~^ C by 

I 1 \x\< 1. 

The characters of Qp are all of the form Xe ■ Qp ^ C; 

Xe{x) = x(ea;), 

where e G Qp. Finally Qp is a locally compact commutative group, so there is a 
Haar measure, that necessarily satisfies d{ax) — \a\dx. We normalise the measure 
so that {x G Qp : \x\ < p"^} has measure p"^. 

The usual arguments can be employed to obtain the standard Fourier results. 



3. p-Adic van der Corput Lemmas 

The main thrust of this section is to prove the following lemma for p-adic poly- 
nomials. The Euclidean arguments will not be helpful as there is no order on the 
p-adic numbers. 

Lemma 1. Suppose that ao, . . . , a„ £ Qp. Then 

/ Xi'^l^ + ■ ■ ■ + UnX" ) dx 
J\x\<l 

where m = max{Z : \lai\ > \jaj\ for all j ^ I}. 

Before proving LemmaQwe note some easy corollaries. 



< 



ll/m ■ 
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Corollary 2. Suppose that ao, . . . , a„ e Qp. Then 



x(aia; + ■ • • + a„a;") dx 



\x\<l 



< 



2p" 



where A = maxi<j<„ \aj\. 

Proof. Suppose that \ak\ — maxi<j<„ \aj\ — X. By Lcnima^we have 



x(ai.x + • • ■ + a„x") dx 



\x\<l 



< 



ll/m ■ 



where m = niax{Z : \lai\ > \jaj\ for all j ^ I}. Now as \mam,\ > |A:afc|, we have 

„m 1,1 /m m 1/m m 9 n 



|fcafe|i/™ - |afc|i/™ - AV" - Ai/«' 



and we are done. 



□ 



From this we obtain our main result which holds uniformly over all balls. It is 
the p-adic equivalent of Corollary [21 in Section ^ 

Corollary 3. Suppose that xq, oq, . . . , a„ G Qp and r G Z. Then 



x(ao + aix + • • ■ + a„a;") dx 



\x — xa\ <p^ 

Proof. Let y = [x xq) ^ so that 



< 



2p" 



ll/n- 



x(ao + aix + • • ■ + a„a;") 



|a; — 2:o|<p'" 



ly|<i 



P" X &o(xo) + ■ • ■ + 



(n— l)r 



dy 



where bj{xQ) = aj + {^'^^)aj+iXo + • • ■ + (")a„a;g ■'. We also note that 



|/i| 



bi{xo)y bn-i{xo)y"~^ any"" 



\y\<l V 



(n— l)r 



p" 



dy 



\y\<l \ P 



bi{xo)y , , 5„_i(a;o)2/" ^ a„?/'' 



(n— l)r 



Thus 



by Corollary 13 



2p" 



2p" 



|p-"'-a„|i/« |a„|i/"' 



□ 



We now turn to the proof of Lemma^ We will need some preliminary lemmas. 
Our starting point is a consequence of the fact that balls in Qp have multiple centres. 
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Lemma 4. Suppose that a £ Qp and \a\ > 1. Then 

x(aa;) dx = 0. 



2;|<1 

Proof. First we consider the standard expansion of a, so that 

oo 
j=-k 

where A: > 1 and a_fe 7^ 0. Now as 

{x:\x\ < = < 1}, 

we have 



x(aa;) 



l^l<i 

If we let y = a; — p^~^, we see that 



x{ax) dx. 



x—p^ ^|<1 



lal<i 



lal<i 



so that 

Now as x{ap''~^) = 6^'^*"-'=/^ 7^ 1, we see that 7 = 0. 
If we let f{y) = oq + aiy + ■ • • + any"', then we denote 



(1) 



Piv) 



3 + 1 
j 



o-3+iy H K . a„y 



,n-3 



We will use this notation throughout. 

Lemma 5. Suppose that |ma„i| > \ja.j\ for all j > m, and \y\ < 1. T/ien 

l"^^n(2/)| = \ma„i\ > \jbj{y)\ 
for all j > m, where bj is given by 

Proof. Suppose that |rnam| > \jaj \ for all j > m. Then 



so that 

for all j > m. Thus 

|w6m(y)| = \m\ 





\mam\ > 




\am\ 




fm+l\ 


dill 


\ ) 











\m - 





am+iy H 1- 



for all |y| < 1. Similarly, if fc > j > m, then 

'k - 1 



ma„i| > 



i-1 



|fcafc|, 



so that 



ma„,l > 



k 
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Putting these together, 



JOj + j 



j 



aj+iy + )a„?;" ^ 



\jbM\ 



= \mam\ > 
for all |y| < 1. 

Lemma 6. Suppose that \ai\ > p and \ai\ > \jaj\ for j > 1. Then 

xiciix + • • • + a„a;") dx = 0. 

Proof. Let |ai| = p'^^^ where fc > 1. We split the integral into p'^ pieces, so that 

X{ai{y + h) + --- + an{y + /i)") dh. 



□ 



kl<i 



P -1 

y=o 



h\<p- 



Now 



any'"')li{y), 



where 



h{y) 



\h\<p-'' 



X{bi{y)h +■■■ + bn-i{yW 1 + a„/i") dh 



4 / X{bi{y)p''x + ■■■ + 6„_i(2/)p("-i)^x""i + a^p^'^x") dx, 



P J\x\<l 



and bj is given by iPl. When \y\ < 1, we have 

= |ai| > \jbj{y)\ 

for all j > 1 , by Lemma O Hence 



and 

So if j > 1, then 



{jb^P^'lP"' < My)p'\p'=p'+\ 



Thus by Lemma 0] 



1 



hiy) = - / x(^^i(yKa:)x(62(yK" + • • • + anP""x") 
p j|x|<i 



^ / x(&i(y)/x)dT = 



c|<l 

for all |y| < 1, and we are done. 

Lemma 7. Suppose that |ma„i| > p^ and |ma„i| > \jaj\ for all j ^ m. Then 

1 



x{o-ix + • ■ • + a„x") dx 



P J\x\<l 



x{aipx + ■ • • + a„p"a;") dx. 



□ 
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Proof. We split the integral into p pieces, so that 

p-i 



1=1 X{aix^ ha„x")(ia; = y]x(aiy H 1- a„j/")/i(y) 



where 



h{y) 



1 



X{bi{y)h + • ■ • + hn-iivW'-^ + a„;i") dh 

i\h\<i/p 

X{bi{y)px + ■■■ + 6„_i(yK-ix"-i + a„p"a;") dec, 

P J|a;|<l 

and bj is given by 

We aim to apply Lemma When y 7^ 0, we have 

\bi{y)p\ = \ai + 2a2y H h na„t/"~ |ma,„|/p > p. 

Now if fc > j > 2, then 



















\kak\ = 



k 



so that 



|ma„| > 



3 



a-j+iy H h J I ^. )a„?/ 



Hence if j > 2, then 



Thus by Lemma El we have Ii{y) = for all y ^ 0, so that / ~ ^i(O). 
Proof of Lemma^ We use double induction on 

m — max{/ : |/a;| > \ jaj\ for all j ^ I}, 

and 



r = max log |jajl. 

l<j<n ^ 



First we note trivially that 



Xio-lX + • • • + On 2^") dx 



\x\<l 



< 



□ 



|x(aix + • • • + a„2:")| da; = 1. 



a;|<l 



Suppose that m — 1. When r < 1, 

p-m 



\l/m 



A > ^ = 1, 



|ai| P 

so we are done. When r > 1 we have |ai| > p, and as |ai| > \jaj \ for all j > 1, we 
obtain the result by Lemma 0. Now suppose that m > 1 and r < 2. Again we are 
done, as 



p" 



>4^>1. 



|TOa™|l/™ - p2/2 

So when m = 1 or r < 2, we have the result. 

Suppose we have the result when m < fc — 1 and r < s — 1, and suppose that 
m — k and r = s. When \y\ < 1, we have 

{x : \x\ <l} = {x:\x-y\<l} 
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SO that 



\x-y\<l 

X{ai{h + y) 

\h\<l 



x{o-ix + ■ ■ • + anX^) dx 

■ ■ + an{h + yY)dh 



X{bi{y)h + ■■■ + fo„-i(2;)/i"-i + anh")dh 

l\h\<l 

for all \y\ < 1, where bj is given by iQJ. 

As TO = fc, we have \kak\ > \jaj\ for all j > k. Thus when |y| < 1, we have 
\kbk{y)\ > \jbj{y)\ for all j > k, by Lemma El We choose y = yi, so that 

max \jbj{yi) \ ^ mm max \jbj{y)\. 
l<j<k ly|<ii<J<fe 

Either maxi<j<fe \jbj{yi)\ < \kbkiyi)\ or maxi<j<fe \jbj{yi)\ > \kbk{yi)\. 

When maxi<j<fe \jbj{yi)\ < \kbk{yi)\, we have \kbkiyi)\ > \jbj{yi)\ for all j ^ k, 
so we can apply Lemma [3 to obtain 



P 



h\<l 



Xibiiyi)ph + ■■■ + 6„_i(2/i)p"-^/i"-^ + a„p^h")dh 



Now as maxi<j<„ \ jbj{yi)p^\ < p'^ ^, we have 

r = max log \jbj{yi)p'\ < s - 1. 

l<j<n ' 

Since |fc5fc(yi)| > \jbj{yi)\ for all j > k, we have 

m = max{; : \lbi{yi)p'^\ > \jbj{yi)p^\ for all j ^ 1} = ki < k. 



Hence 



1 



P' 



ki 



P 



.ki 



< 



" \kbk{yiW/^^ ' 
by induction. Finally 



|/| < 



as \kbk{yi)\ — \ka-k\ by Lemma 121 

When maxi<j<fe > we split the integral into p pieces, so that 

p-i 



bl<i 



x{a\x H 1- a„x") da; = ^ x(aiy 



any"')Ii{y), 



where 



hiy) 



\h\<i/p 



x{bi{y)h 



bn-i{y)h''-^ +anh'")dh 



1 



P J|2;|<1 



X{hi{y)px + • • ■ + &„_i(yK-'2;"-^ + a„p"a;") da; 



and bj is given by 1^. Now when \y\ < 1, we have 

\kbk{y)\ = Ifcafcl > \lbi{y)\ 
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for alH > fc, by Lemma El Hence 

max \jbj{y)\ > \kbkiyi)\ = \kak\ > \lbi{y)\ 

l<3<k 

for all / > k. Thus for y = 0, . . . ,p — 1, there exists ki < k, where fci depends on y, 
such that 

\kibkAy)\ > \jbj{y)\, 

and 

|fci6/c,(y)/M > \jbjiy)p'\ 

for all j > ki. Hence for y = 0, . . . ,p — 1, we have 

m = max{^ : \lbi{y)p''\ > \jbj{y)p-'\ for all j ^ 1} = ki < k. 

Thus 

' '^^'^ - Plk.bkAy)?"']'^"' IkibkAyW^"'' 

by induction. Now as 

pki pk — 1 pk 1 



IkibkAyW^""' - IfcafclVfc' 
by Lemma 13 we have 

and we are done. □ 



Thanks to M. Cowling for all his invaluable help. 
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